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1. Introduction
The N = (8, 8) U(N) SYM field theory in 1+1 dimensions is believed to represent, in the
strong coupling limit, a theory of closed superstrings [1, 2]. The relevant action can be
obtained from M(atrix) theory, [3], via compactification on a circle [4]. More precisely, it
has been suggested that this theory describes a second quantized superstring theory [5] (see
also [6, 7, 8] and the review article [9]). To confirm this attractive conjecture one should be
able to extract some evidence from the very structure of the SYM theory in a region of strong
coupling, corresponding to weak string coupling, where the expected behavior of the theory
should correspond to perturbative string field theory.
Considerable progress in this direction has been made recently in [10], where the authors
show the existence of a 2D instanton which interpolates between two string configurations
and exhibits the typical joining/splitting interaction of strings. The idea is that this and
other similar instantons generate a quantum tunneling between given initial and final string
configurations. In this paper we would like to proceed along the same line of investigation
and show that many other 2D instantons exist which are relevant to string interactions, and
outline a possible classification of them.
The outcome of our analysis can be summarized as follows. In the U(N) SYM Matrix
string theory (henceforth, simply MST) there exist classical BPS instantons which interpolate
between different closed string configurations via joining/splitting interactions similar to those
of string field theory. Such instantons can be constructed starting from (branched coverings
of) oriented Riemann surfaces with punctures or boundaries. In general they correspond
to Hitchin systems on the cylinder. For the class of them (corresponding to Zn coverings),
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which we have studied in detail, it is possible to give a rather explicit construction in terms
of classical solutions of the affine U(N) Toda field theory.
These results provide further evidence that MST becomes, in the strong coupling limit,
a theory of closed (super)strings. They tell us that U(N) SYM theory can describe string
interactions and show how string world–sheet Riemann surfaces make their appearance in
MST.
The paper is organized as follows. In section 2 we identify the equations satisfied by classi-
cal SYM configurations that preserve half supersymmetry. They define Hitchin systems [11].
In order to find explicit solutions we follow [13, 10] and dress the singularities corresponding
to the string interactions by means of suitable singular gauge transformations. This allows
us, in particular, as mentioned above, to expose the structure of an affine U(N) Toda field
theory system underlying a class of instanton solutions (section 3). Section 4 is devoted a
discussion of these results. An Appendix deals with the particular case of the Z3 covering.
2. The 2d SYM model and classical supersymmetric configurations
2.1. Minkowski version
The U(N) SYM model in a 1+1 Minkowski space is specified by the action
S = − 1
2π
∫
dσdτ Tr
(
DµX
iDµXi +
1
2g2
FµνF
µν − g
2
2
[Xi,Xj ]2 − iθ¯ρµDµθ − gθTΓi[Xi, θ]
)
,
(2.1)
where g is the gauge coupling, σ and τ are the world–sheet coordinate on the cylinder. In
this equation µ, ν = 0, 1, and the 2D flat Minkowski metric ηµν is taken to have signature
(−,+). Xi with i = 1, . . . , 8 are hermitean N × N matrices and DµXi = ∂µXi + i[Aµ,Xi].
Fµν is the curvature of Aµ. Summation over the i, j indices is understood. θ represents 8
N ×N matrices whose entries are 2D spinors. It can be written as θT = (θ−s , θ+c ), where ±
denotes the 2D chirality and θ−s , θ
+
c are spinors in the 8s and 8c representations of SO(8),
while T represents the 2D transposition. ρµ are the 2D gamma matrices: {ρµ, ρν} = −2ηµν ,
and θ¯ = θTρ0. The matrices Γi are the 16 × 16 SO(8) gamma matrices. For definiteness we
will write the matrices ρµ and Γi in the form
ρ0 =
(
0 −i
i 0
)
, ρ1 =
(
0 i
i 0
)
, Γi =
(
0 γi
γ˜i 0
)
, (2.2)
and γi, γ˜i are the same as in Appendix 5B of [14].
The action (2.1) is invariant under the supersymmetric transformations
δXi =
i
g
ǫΓiθ
δθ =
1
2g2
ρµνFµνǫ− i
2
[Xi,Xj ]Γijǫ− 1
g
ρµDµX
iρ0Γiǫ
δAµ = −iǫ¯ρµθ , (2.3)
where ǫT = (ǫ−, ǫ+) are the 8+8 transformation parameters.
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2.2. Euclidean version
We make a Wick rotation and introduce the complex coordinates
w =
1
2
(τ + iσ), w¯ =
1
2
(τ − iσ), Aw = A0 − iA1, Aw¯ = A0 + iA1 .
The action becomes
S =
1
π
∫
d2wTr
(
DwX
iDw¯X
i − 1
4g2
F 2ww¯ −
g2
2
[Xi,Xj ]2
+i(θ−s Dw¯θ
−
s + θ
+
c Dwθ
+
c ) + igθ
TΓi[X
i, θ]
)
, (2.4)
The supersymmetry transformations take the form
δXi =
i
g
(ǫ−s γ
iθ+c + ǫ
+
c γ˜
iθ−s )
δθ−s = (−
i
2g2
Fww¯ +
1
2
[Xi,Xj ]γij)ǫ
−
s −
1
g
DwX
iγiǫ
+
c
δθ+c = (
i
2g2
Fww¯ +
1
2
[Xi,Xj ]γ˜ij)ǫ
+
c −
1
g
Dw¯X
iγ˜iǫ
−
s
δAw = −2ǫ−s θ−s , δAw¯ = −2ǫ+c θ+c , (2.5)
where
γij =
1
2
(γiγ˜j − γj γ˜i), γ˜ij = 1
2
(γ˜iγj − γ˜jγi) .
In the following we consider various coordinate transformations; in particular, a string inter-
pretation is most natural after the coordinate transformation w → z = ew, i.e. after passing
from the cylinder to the annulus or the complex plane. If we make such transformation on
the action (2.4), conformal factors are bound to appear in the second, third and last terms
of (2.4), since they are not conformal invariant.
2.3. The string interpretation
For later use let us briefly recall how the string interpretation arises in the above theory. The
naive strong coupling limit (g → ∞) in the action tells us that all the Xi and θ commute,
therefore they can be simultaneously diagonalized, and the theory becomes a free theory of
the diagonal degrees of freedom, with a residual gauge freedom reduced to the Weyl group.
The latter in turn can be interpreted as free strings of various lengths. For example, let
Xˆi = Diag(xi1, . . . , x
i
N ) and let us consider the effect on such configuration of the element
P =


0 0 . . . . . . 1
1 0 . . . . . . 0
0 1 0 . . . 0
. . . . . . . . . . . . . . .
0 0 . . . 1 0


of the Weyl group. The boundary condition Xˆi(2π) = PXˆi(0)P−1 implies that xik(2π) =
xik−1(0), and so the x
i
k form a unique long string of length 2πN .
If we believe the limit we have described is the true strong coupling limit, we can therefore
interpret it as the weak coupling limit of (type II) string theory, gs ∼ g−1, [1, 5].
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2.4. 2D Instantons and Hitchin systems
We look now for classical Euclidean supersymmetric configurations that preserve half super-
symmetry. To this end we set θ = 0 and look for solutions of the equations δθ± = 0, i.e. from
(2.5),
(
i
2g2
Fww¯ +
1
2
[Xi,Xj ]γ˜ij)ǫ
+
c = 0, DwX
iγiǫ
+
c = 0
(− i
2g2
Fww¯ +
1
2
[Xi,Xj ]γij)ǫ
−
s = 0, Dw¯X
iγ˜iǫ
−
s = 0 . (2.6)
Solutions of these equations that preserve one half supersymmetry are the following ones.
Set Xi = 0 for all i except two, for definiteness Xi 6= 0 for i = 1, 2; remark that γ12 is an
antisymmetric 8 × 8 matrix, and γ212 = −1 and therefore its eigenvalues are ±i ( moreover
γ˜12 = γ12). It is easy to show that there exists ǫ
+ and ǫ−, each with four independent
components, such that
γ12ǫ
± = ±iǫ±, γ1ǫ+ = −iγ2ǫ+, γ˜1ǫ− = iγ˜2ǫ− .
Now it is convenient to introduce the complex notation X = X1+ iX2, X¯ = X1− iX2 = X†.
Then the conditions to be satisfied in order to preserve one half supersymmetry are
Fww¯ + ig
2[X, X¯ ] = 0 (2.7)
DwX = 0, Dw¯X¯ = 0 . (2.8)
It is easy to verify that, if non–trivial solutions to such equations exist, they satisfy the
equations of motion of the action (2.4). The action with θ = 0,Xi = 0 for i = 3, . . . 8 is
Sinst =
1
2π
∫
d2wTr
(
DwXDw¯X¯ +DwX¯Dw¯X − 1
2g2
F 2ww¯ +
g2
2
[X, X¯ ]2
)
. (2.9)
It is elementary to prove that Sinst vanishes in correspondence to solutions of (2.7, 2.8) that
are single–valued on the cylinder.
From a mathematical point of view, (2.7, 2.8) are easily seen to identify a Hitchin sys-
tem [11] on a sphere with two punctures (or on an annulus). In such systems, F is the gauge
curvature in reference to a gauge vector bundle V , and X¯ is the holomorphic section of the
bundle EndV ⊗ K, where K is the canonical line bundle over the base (which is trivial in
our case). We would tend to identify the moduli space of instanton solutions with the moduli
space of the solutions of the Hitchin systems (which contains the moduli space of Riemann
surfaces with punctures/boundaries). However in the present paper we limit ourselves to
finding explicit sample solutions of (2.7, 2.8) and show their connection with the affine Toda
field theories.1 The most general case will be dealt with elsewhere.
But before we end the section let us return, for completeness, to the Minkowski case.
Proceeding as in the Euclidean case, we can find configurations that preserve one half super-
symmetry. The equations to be satisfied are now
F+− + ig
2[X, X¯ ] = 0, D−X = 0, D+X¯ = 0 , (2.10)
1Interesting connections between Hitchin systems and the Toda field theories were previously found in [12].
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where we have introduced the light–cone variables σ± =
1
2(τ ± σ), and A± = A0 ± A1. In
the Minkowski case too a configuration satisfying (2.10) satisfies the equations of motion of
(2.1), and the corresponding value of the action is zero.
3. 2D instantons and affine Toda systems
Let us consider the BPS equations (2.7, 2.8) and let us define the spectral connection
Aw = Aw + λgX, Aw¯ = Aw¯ − g
λ
X , (3.1)
where λ is a spectral parameter.
We can rewrite the above BPS equations as the zero curvature condition for such spectral
connection
Fw¯w = ∂w¯Aw − ∂wAw¯ + i [Aw¯,Aw]
=
(
Fw¯w − ig2
[
X,X
])
+ λg
(
Dw¯X
)
− g
λ
(DwX) = 0 ,
for generic values of the spectral parameter. The remark that a Hitchin system corresponds
to a zero curvature condition is present in [11], although not in the same form as here.
Our purpose now is to find a general ansatz for the solutions of this integrable system. In
so doing we follow and adapt the suggestions of [13, 10].
First we parametrize the holomorphic component of the connection as Aw = −iY −1∂wY
and write X = Y −1MY , where Y is a generic element in the complexified gauge group, i.e.
GL(N,C). Then the equation DwX = 0 is equivalent to the equation ∂wM = 0.
Let us define the polynomial
P (µ) = det (µ1N −X) = µN + aN−1µN−1 + . . .+ a0
and notice that P (M) = 0 by definition.
To uniquely single out the parametrization, we can choose the matrix M to be
M =


−aN−1 −aN−2 . . . . . . −a0
1 0 . . . . . . 0
0 1 0 . . . 0
. . . . . . . . . . . . . . .
0 0 . . . 1 0

 . (3.2)
Since ∂wM = 0, it follows that ∂wai = 0 for each i = 0, . . . ., N − 1. Therefore the equation
P (X) = 0 can be interpreted as the description of an N sheeted branched covering of a
Riemann surface. The covering map can be obtained by diagonalizing the M matrix.
With this parametrization, the spectral connection reads
Aw = −iY −1∂wY + λgY †M †(Y †)−1, Aw¯ = i∂w¯Y †(Y †)−1 − g
λ
Y −1MY . (3.3)
from which it is easy to extract the zero curvature equation and see that it is written in terms
of Y Y † only.
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3.1. The ZN coverings
In this subsection we abandon complete generality and specialize the above structure to the
ZN covering X
N −a = 0, where ∂wa = 0. We will see that the zero curvature system reduces
in this case to an affine U(N) Toda system. In this case the M matrix can be rewritten as
M = J−1
(
a1/NP
)
J , (3.4)
where P is the permutation matrix of section 2.3, and J = diag
(
a(1−N)/N , a(2−N)/N , . . . , 1
)
.
Let us define the (unitary) matrix of ‘phases’ U =
(
J/J¯
)1/2
.
A very economical ansatz is obtained by restricting the Y field to the complexified Cartan
torus. Therefore, taking
Y = e
β
2
(u·H) · (JJ¯)−1/2 , (3.5)
where β is a real coupling and (u ·H) = ∑i uiHi is a generic field in the Cartan subalgebra
of U(N), whose generators Hi are taken to be diagonal and hermitean, we get the spectral
connection
Aw = U †
(−i∂w +A′w)U, Aw¯ = U † (−i∂w¯ +A′w¯)U
A′w = −i
β
2
∂w(u ·H) + λg exp{β
2
(u ·H)}
(
a¯1/NP†
)
exp{−β
2
(u ·H)} (3.6)
A′w¯ = i
β
2
∂w¯(u ·H)− g
λ
exp{−β
2
(u ·H)}
(
a1/NP
)
exp{β
2
(u ·H)} .
Since the U gauge transformation is singular, we have
Fw¯w = U †F ′w¯wU − i
(
∂w¯
(
U †∂wU
)
− ∂w
(
U †∂w¯U
))
. (3.7)
Explicit evaluation gives: U †∂wU =
H
2 ∂wln
a
a¯ , where H = diag
(
1−N
N ,
2−N
N , . . . , 0
)
Therefore,
the original zero curvature condition becomes
F ′w¯w =
i
2
H (∂w¯∂w − ∂w∂w¯) ln
(
a
a¯
)
= −iπH ∂wa ∂w¯a¯ δ(a) . (3.8)
To eliminate the a1/N factors, let us transform the coordinates to ζ such that ∂ζ∂w = a¯
1/N .
The spectral connection in the new coordinate system is
A′ζ = −i
β
2
∂ζ(u ·H) + λg exp{β
2
(u ·H)}P† exp{−β
2
(u ·H)}
A′ζ¯ = i
β
2
∂ζ¯(u ·H)−
g
λ
exp{−β
2
(u ·H)}P exp{β
2
(u ·H)} , (3.9)
which we can recognize to be the spectral connection of the affine Toda field theory [15, 16].
From the above discussion it is now clear that the resulting equations for the u ·H fields are
the affine Toda field equations with, in addition, a delta–type interaction at the branching
points of the covering, namely
∂ζ∂ζ¯(u ·H)−
g2
β
[
e−β(u·H)Peβ(u·H),P†
]
=
π
β
Hδ(a)(∂ζ¯a)(∂ζ a¯) . (3.10)
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The delta–type interaction means a logarithmic boundary condition for a combination of the
ui’s, say
uH =
2
β
ln(|a|) . (3.11)
That such solutions of the Toda equations exist, has been proven in several instances: [17, 10].
It remains for us to say a few words about the constant β. It is an overall normalization
constant for the u fields. By singling it out we can connect it to the YM coupling g. In the
strong coupling limit the BPS equations become
Fww¯ = 0, [X, X¯ ] = 0, DwX = 0, Dw¯X¯ = 0 , (3.12)
i.e. the gauge connection is flat and we can diagonalize X and X¯ with the same unitary
matrix. Comparing with the above we see that β → 0 as g →∞.
4. Interpretation and discussion
Let us summarize what we have done in the previous subsection and provide an interpretation
of the results. Our purpose was to parametrize solutions of the BPS equations (2.7, 2.8) that
interpolate between different string configurations. We emphasize that the final result, X, X¯
and the curvature F , must be regular, in particular single–valued: what happens is that the
singularity carried by the Toda fields kills exactly the singularity which is responsible for
the string interaction, (3.11). In order to see the latter point we have to go to the diagonal
picture, in which the string interpretation is evident, see section 2.3.
In what follows we discuss in general the ZN covering. A more detailed account can
be found in the Appendix for the case N = 3. Let us start by diagonalizing the matrix
a1/NP = Λ−1XˆΛ, where Xˆ = a1/Ndiag(1, . . . , ωN−2, ωN−1) and Λij = ω(i−1)(j−1), ω being
the primitive N–th root of unity, [13]. Xˆ is the matrix of eigenvalues of X, which can now
be represented as follows
X = e
β
2
u·HV −1XˆV e−
β
2
u·H , (4.1)
where V = Λ
√
J/J¯ . Now, let us suppose for simplicity that a has a simple zero at z = z0
and draw a cut from z0 running in the region |z| > |z0|, for simplicity. Crossing the cut,
V → P−1V and Xˆ → P−1XˆP, while all the rest in (4.1) remains unchanged. Therefore, if
we go around the origin of the z–plane, X → X and Xˆ → Xˆ as long as we do not cross the
cut; but, if going around the origin we cross the cut, then X → X, but simultaneously the
eigenvalues of Xˆ get permuted as in section 2.3.
Now notice that, in the strong coupling limit e
β
2
u·H → 1 and X → V −1XˆV , and V simul-
taneously diagonalizes X and X¯ . Therefore Xˆ is what remains of X in the strong coupling
limit of the theory (section 2.3) and can be interpreted in terms of string configurations. At
this point we can say that for |z| < |z0|, we have a configurations of n separated strings, and
for |z| > |z0| we get a long string obtained by joining the previous ones.
Let us see the same problem from the point of view of branched coverings, and, for
definiteness, let us consider covering by means of annuli. If the covering were by spheres,
we would construct the world–sheet by cutting N copies of CP1 along lines connecting the
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zeroes of a and joining them in the usual way. Since the covering is by means of annuli, the
zeros of a which are in the removed disks are now uneffective up to the fact that some cuts
can connect them to zeros which are in the annulus. This way branch cuts may terminate
on the boundary of each of the annuli and the identification along them generates the long
string configurations. In the case the boundary is not crossed by cuts, then the related state
represents N strings of lenght one. Each cut internal to the annulus corresponds instead to
a full joining of the N short strings and then to a total resplitting in short ones again.
In the Appendix we discuss the meaning of other zeroes of a and related problems and
outline more general coverings.
The conclusion is therefore that the string joining/splitting interactions are mediated by
instantons and geometrically described by suitable (branched coverings of) Riemann surfaces,
whose genus is determined by the number of distinct zeroes of a. The branched covering
encodes the string world-sheet structure of the specific interaction. Each branch represents
the world–sheet of a string that joins other strings along a cut. The joining is represented
by the exchange of eigenvalues referred to above, which in turn corresponds to crossing the
branch cuts.
To end this paper let us make a final remark on the possible utilization of the above results.
It was conjectured in [18] that the amplitude for a transition from one string configuration
to another be dominated by the ZN coverings we have been considering here. If that is so we
can therefore try to compute this amplitude by expanding the action around the appropriate
instanton configurations and then summing over them. Since the instanton action vanishes
(this is actually true for any instanton configuration, see section 2.4), we expect, from the
fluctuations, a result proportional to some power of gs. Whether this power corresponds to
the one required by perturbative string field theory, will be a crucial test for the compatibility
of the latter with MST.
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A. Z3 covering
We present here as explicitly as possible some solutions relative to the N = 3 case. For the
Z3 covering, these are described by the following spectral equation:
X3 = a(z¯) (A.1)
where X is the complex 3× 3 matrix, and a is antiholomorphic. The matrix M which solves
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this equation has the following form:2
M =


0 0 a
1 0 0
0 1 0

 = a1/3J−1PJ = a−HΛ−1

a1/3


1
ω
ω2



ΛaH , (A.3)
This shows, with the parameterization of section 3.1, the full string matrix X in its diagonal
and gauge parts:
X =
(
a
a¯
)−H
2
e−βu·HΛ−1

a1/3


1
ω
ω2



Λ
(
a
a¯
)H
2
eβu·H = (A.4)
= e−(
1
2
ln a
a¯
H+βu·H)Λ−1

a1/3


1
ω
ω2



Λe−( 12 ln aa¯H+βu·H) . (A.5)
Notice that 12 ln(a/a¯) is purely imaginary being the phase of a, while the functions u are real.
The two pieces, then, represent the unitary and the hermitean parts of the complexified gauge
transformation which diagonalizes X.
To show that X is indeed single-valued, it is sufficient to pass the Λ factor through the
Cartan generators H ′ = ΛHΛ−1, H′ = ΛHΛ−1 and notice that exp(−2iπH′) = P, the
permutation matrix. Then
X = Λ−1e−βu·H
′ P 14pii ln aa¯

a1/3


1
ω
ω2



 P− 14pii ln aa¯ e−βu·H′Λ . (A.6)
Around points where a has simple zeroes, and its phase passes from 0 to 2π, the exponent of
P passes from 0 to 1, thus giving the permutation matrix. This latter rotates the eigenvalues,
compensating the ω factor which appears from the a1/3. This mechanism works also for
generic zeroes or poles of a.
As an example, using the coordinate on the annulus z = ew, let’s take a¯ = z− z0 = |a|eiφ.
This function describes the joining of three short strings in one long string of length 3 (it gives
in fact a single branch of order three on the triple covering of the cylinder). The interaction
takes place at z0. We can explicitly write the solution:
X = Λ−1e−βu·H
′P− φ2pi

 3√z¯ − z¯0


1
ω
ω2



P φ2pi e−βu·H′Λ . (A.7)
On the complex z plane the eigenvalues of X have a branch cut of order 3, originating at z0
and extending to infinity, i.e. to the end of the cylinder. At the same time their monodromy is
2It is shown in diagonal form using (ω = e2pii/3):
P =

 0 0 11 0 0
0 1 0

 = Λ−1

 1 ω
ω
2

Λ Λ = 1√
3

 1 1 11 ω ω2
1 ω2 ω

 J = aH =

a−2/3a−1/3
1

 . (A.2)
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determined by the winding around z0 of any path centered at the origin (round trips around
the cylinder). It is easy to see that the monodromy changes from the identity to P, the
permutation matrix.
z0
Figure 1: Joining of three short strings together
The functions ui have to be determined from the Toda/self-duality equation (3.10), which
in the z coordinates reads:
∂z∂z¯(u ·H)− g
2
β
|z − z0|2/3
|z|2
[
e−β(u·H)Peβ(u·H),P†
]
=
π
β
Hδ(2)(z − z0) . (A.8)
This equation requires for some field uH related to the direction H in Cartan space, a
particular boundary condition at z = z0, namely:
uH ≃ 2
β
ln(|z − z0|) . (A.9)
Other choices of the function a, with more than one zero, can be constructed to give
subsequent interactions, possibly increasing the genus of the world–sheet. For example, let
us consider the case N = 2 with a¯ having two zeroes inside the annulus. When the branch
cuts are chosen to exit from different boundaries, the covering describes a 2-string to 2-string
process of genus 1. On the other hand the case in which the two cuts exit from the same
boundary, or the case in which there is a single branch cut joining the zeroes, corresponds to
a genus 0 scattering of two short strings.
It is clear that in order to describe more general string configurations one should consider
more general branched covering structures. For example, if an integral factorization N = LM
exists, then the covering structure
(
XM − a
)L
+ b = 0 can describe splitting and joining of
L strings of length M in N lenght one strings and in one lenght N string.
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